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The stress-strain state in the neighbourhood of the front of a plane crack at the interface of two dissimilar half-spaces of ideally
elastic isotropic materials is investigated. The form of the asymptotic expansions of the projections of the displacement vector
onto the axis, directed along the tangent, the principal normal and the binormal to the crack contour is obtained. It is shown
that asymptotic expansions of the projections of the displacement vector onto directions corresponding to the tangent and principal
normal, beginning with the second-order term of the expansion, include both terms with half-integer and complex powers of the
distances to the crack contour. This indicates that these projections of the solutions of the three-dimensional problem have
singularities, defined by the solutions of both the antiplane and plane strain problems of cracks at the interface of materials. The
singularities of the projection of the displacement vector on to the binormal correspond to the singularities of the solution of
the plane strain problem. © 2002 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Suppose a crack occupies the region G in the z = 0 plane of an unbounded elastic space. We will assume
that the boundary 9G of the region G is an infinitely smooth curve. Poisson’s ratio and the shear modulus
are equal to vy and p, for the upper half-space (z > 0) and v, and u, for the lower half-space (z < 0),
respectively. In the z = 0 plane, outside the crack G, it is assumed that the conditions of strong adhesion
between the half-planes are satisfied, i.e.

1 (x,3.00=uP(x,y,0), 65)(x,y,00=0%(x.y.0)
j=1,2,3x.»neCG

Here u®(x, y, 0) (k = 1, 2) are the displacement vectors and 03/)(x v, 0) are the components of the
stress tensor; the superscript (1) denotes the upper half-space and the superscript (2) the lower half-
space.

In the neighbourhood of an arbitrary point (x’, y’, 0) € dG we will introduce a local system of
coordinates, defined by the directions of the tangent, the principal normal and the binormal to aG at
this point. The components of the displacement vector in these directions will be denoted by u®) u®
ug ), respectively. As is well known, linear fracture mechanics is based on an analysis of the principal
terms of the asymptotic expansions of the singular components of these components of the displacements
in the neighbourhood of the crack front. Nevertheless, in many cases it is useful to know not only the
principal terms of the expansion but also the form of the whole asymptotic series, or at least some of
its next terms. The need for such additional information arises, for example, when constructing a closed
system of formulae of the variation of the solution of the problem, due to the variation of the crack
contour (see [1]), when refining numerical solutions in the neighbourhood of the crack front and when
constructing refined fracture criteria. Hence the purpose of this paper is to investigate the complete
tform of the asymptotic expansion of the components of the displacements uﬁar),, uio ug") in the vicinity
of the point (x ¥, 0) when the point (x, y, z) considered are situated in the plane that passes through
the point (¥, y’, 0) and is normal to G at this point.

At first glance it might seem that the solution of this problem is fairly simple, since the expansion of
the solutions of the antlplane and plane strain problems of interface cracks are well known, while the
forms of the expansions of u; k) and (u( o u¥?) should be identical, as can be assumed, with the forms
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of the expansions of the corresponding antiplane and plane strain problems. However, this assumption
Is incorrect.

As is well known, the solution of the antiplane problem of an interface crack in the vicinity of its tip
can be represented in the form (henceforth summation is everywhere carried out from n = 0 to
n= OO)

W =3 AP+ T @), k=12 (L1)
Here r is the distance to the crack tip and @ is the polar angle, where ¢ = 7 corresponds to the upper
edge of the crack, ¢ = —n corresponds to the lower edge and ¢ = 0 is the line along which materials
1 and 2 are joined.

The solution of the plane strain problem can be represented in the form

ulh) + iy =TT LO@)+ 10 (@) (12)
€=—l~ln—'——‘—p2xl+ul, xj=3—4\’j. j=112

2n W%y i,

where u 31 and u% 1)2 are displacements perpendicular to the line of the crack and along it and f®) (@),
AQI(O)) are complex—valued functions.

We will show below that although the form of the principal term of the singular component of the
asymptotic expansion of u®) is identical in form with the principal term of expansion (1.1), in fact for
weaker singularities in the three-dimensional problem, due to the dependence of the solution on the
variable tangential to the crack contour, interaction of singularities of types (1.1) and (1.2) occurs, as

a result of which the expansion of utan includes both terms of the order of *" and terms of the order

of r"*¥1*€ (4 = 0,1, 2, ...). Here r is the distance to the crack contour.
In exactly the same way the asymptotrc series for the singular component of the displacement

u®) begins with a term of the order of r "2+ which corresponds to the solution of plane strain

nOl'
problem (1.2), and moreover contains both terms of the order of r"*"** and terms of the order

ofr"”’(n—O L,2,..).

There are two fundamental approaches to solving the problem of the form of the asymptotic expansion
of the displacements and stresses in the vicinity of the crack contour. One of these is based on the
construction of an analytical solution of some crack problem and its subsequent asymptotic expansion.
Here it is necessary that the given particular solution should include the main properties of the general
solution of the problem.

The other approach is to consider the crack problem in the form of a half-plane. All the components
of the displacement vector are represented in the form r*®j(g, 1), where 7 is a coordinate on the axis,
directed along the crack front, (r, ¢, T) are cylindrical coordinates and j indicates the component of the
displacements. A solution of the equations of the theory of elasticity is sought which satisfies the
conditions of strong adhesion at the interface of the materials and which gives zero loads on the crack
surfaces.

The first approach is difficult to use because there is an extremely limited number of analytically solved
three-dimensional problems of interface cracks. Among these is the problem of a penny-shaped crack,
to the surfaces of which uniform normal loads are applied [2, 3]. Expansions of the normal and radial
displacements in this problem have the form (1.2) and do not contain half-integer powers of the distances
to the periphery bounding the crack. However, since this problem is axisymmetric and the
displacements in the tangential direction are zero, interaction of singularities of types (1.1) and (1.2)
obviously cannot occur. A similar situation also arises for solutions of the problem of a penny-shaped
crack, to the surfaces of which axisymmetric radial shear loads are applied [4].

There is also an analytical solution of another problem — a penny-shaped crack subject to the torsion
loads [4]. In this problem the tangential component of the displacement vector is given by an asymptotic
expansion of the form (1.1), but this stressed state is also not sufficiently general, since the radial
displacement and the displacement normal to the plane of the crack in this case are zero.

A solution of the problem of a penny-shaped crack, to the surfaces of which loads of a fairly general
form are applied, was obtained in [5]. However, it is quite difficult to obtain from this the complete
form of the asymptotic expansion in the vicinity of the crack front, since this sotution is represented in
a fairly complex form in terms of a Radon transformation.
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In view of all this and in order to carry out a clearer investigation of the reasons why interaction of
singularities of types (1.1) and (1.2) occur, we will use the second approach below to obtain the form
of the asymptotic expansion of the solution. It should be noted here that if all the components of the
displacement vector are sought in the form r)‘j<I>j((p, ) with the same exponent A, nothing, apart from
solutions of the plane and antiplane problems, can be obtained. The interaction of the singularities can
be established if we represent the components of the displacements in the form r}‘jcb (9, T) with different
exponents A,, in which case, as will be shown below, particular solutions of this type are obtained by
slight modlﬁcatlons of the solutions of the antiplane and plane problems.

2. SOLUTION OF THE ANTIPLANE PROBLEM
AND ITS MODIFICATION

Suppose the crack is in the z = 0 plane and has the form of a half plane occupying the regionx < 0.

We will denote the displacements in the x, y and z directions by u] , u(ak) and u respectively, where

the superscript (k) indicates, as above the half-space being considered. Note that for this crack the

displacements u( ) are identical with u® nor ) and the displacements u( ) are identical with u' [dn
The problem of finding solutions of the equations of the theory of elasticity, which satisfy the
homogeneous boundary conditions, is formulated as follows. The displacements satisfy Lame’s equations

a0 a1 380 ol u
7 1-2v, ox, ox dy 0z

2.1)

(xj for j = 1, 2, 3 correspond to x, y, z). We will assume that the functions u, () (x, y, z) are defined in
the half-space z > 0, and the function u ) (x, y, z) is defined in the half-space z < 0. Equations (2.1)
are then satisfied for £ = 1 in the half—space z > 0 and for k = 2 in the half-space z < 0.

The conditions for there to be no load on the crack surface can be written in the form

o} (x,5,0)= 0¥ (x,y,0)= 0¥ (x,y,00=0 for x<0 (2.2)

where 03,) (j = 1, 2, 3) are the components of the stress tensor.
The conditions for strong adhesion between the half-spaces outside the crack have the form

u"(x,y,00=ul?(x,7,0), 0§)(x,5.0)=0P(x,,0) (2.3)

forx >0,j=1,2,3.
We briefly recall the solution of the antiplane problem, which is obtained if we put

k k & _ O
u® =ul" =0, WP =P (x,2)
We change to polar coordinates
X =rcosQ, z=rsin @, —-n<P<n

In these coordinates the upper half-space is defined by the conditions 0 < @ < m and the lower half-
space by the conditions -1 < ¢ < 0. The crack surfaces correspond to @ = + 7 and the interface of
the materials corresponds to ¢ = (.

‘We will seek a solution in the form

By =rfi(@). 0<osm WP(re)=r*f(), -n<@<0
It then follows from Eq. (2.1) forj = 2 that
£ (@)= c;, cOSAQ + ¢,y sin Ao
where ¢;; and ¢, are constants.

Substituting these expressions into conditions (2.2) and (2.3) we obtain a system of four linear
homogeneous equations
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(M) =0, oP(r.-m)=0

2(r,0)=82(r,0), 6(r.0)=02(r,0)

in the four unknowns ¢y, and ¢, (k = 1, 2).

In order for a non-zero solution of this system to exist its determinant must equal zero. From this
condition we obtain the equality sin A%t cos At = 0, the roots of which are A = nand A = n + Y;, where
n are integers. From the condition that the energy must be finite it follows thatn = 0, 1, 2, .... The
roots A = n correspond to the regular part of the expansion of the solution of the antiplane problem,
while the roots A = n + V> correspond to the singular part. The eigenfunctions f,(¢) and f,(¢),
corresponding to the value A = n + Y3, have the form

h@=C,sin(n+ 0o, f,(9) = C, (1, /y)sin(n + 1)@

where C,, is an arbitrary constant.
Hence, the singular solutions of the antiplane problem of interest here have the form

W0 = ufh =0

A = C, /" Asinn+ B)g, 02 =C, (1, /py)r" 2 sin(n + K)o (24)

The subscript n for the displacements indicates which singular solution is in fact taken.
We will now modify solutions (2.4) by constructing singular solutions of problem (2.1)—~(2.3), in which

the orders of the singularities of the displacements u( ) will be equal to P n=012..)
We will seek solutions of problem (2.1)-(2.3) in the form

u(r,9.y) = (u‘”(r,w)yui';,ox u®(r,0,y) = @D (r,0),y53.0)

We will choose the displacements u( ) and u ) so that 9(1) and 6@, as in the antiplane problem,
remain equal to zero. In order to do this the condmons au /ax + u(k) = 0 must be satisfied, or in polar
coordinates

(k) . (k)
au sm ¢ au,,, + gf‘g) =0 (25)

cos® ar ro d¢

Choosing the solutions of Eq. (2.5) in the form u,,,)/r '2.(9), it can be shown that the solutions are
the functions

WD = —C,(n+ %)™ " sin(n + K)o
(2.6)

WD =~C,(n+ %)y 11,y "% sin(n + 7

Since 8% = 0, and u,,z)(r ¢) and u,,l)(r ¢) are harmonic functions, Egs (2.1) are obviously satisfied.
The satisfaction of conditions (2.2) and (2.3) can also be verified without difficulty.
Hence it can be shown that the displacements

" = ), yu(12> 0, u?=u? yg(zz) 0)
n n > nl n2»
where u are defined in (2.6) while u,,z, defined in (2.4), are the solutions of boundary-value problem
2.1)-(2. 3) Hence it follows that in the expansion of the displacements u(1 ) = um,r for arbitrary smooth
loads terms of the order of 7"+ (n=0,1,2,...) must be present.

Remark. One cannot construct a solution of problem (2.1)—~(2.3), in which u(k) =0 uf,"g,) = uf,'g) (r, ®), in the same
way. In fact if we seek a solution in the form

1O (r.y) = (0,ya®) k) (r.0))
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(k

and chose the displacements u,, ) so that 8%) = 0, the following equalities must be satisfied

k197408 =0, k=12 (2.7)
By virtue of the fact that 9(") = 0, the stresses c( )can be written in the form o 33 = 2ukau /az. Hence and also
from (2.7) it follows that o 33 = —2].1,(19(:2) Smceu (r n) andg(,,zz)(r —m) are non-zero, it is impossible to satisfy the
boundary conditions on the crack surface (o 33 (r, n) =0, (r, -n) = 0).

This remark, of course, does not prove that there are no half-integer powers of r in the expansion of the
displacements u(3k). Nevertheless, an analysis of the solution of the problem of a penny-shaped crack at the interface
3 2

of half-spaces, obtained previously [5], also shows that the expansion of u(3k) does not contain terms of order r***.

3. THE SOLUTION OF THE PLANE PROBLEM
AND ITS MODIFICATION

We will consider the same problem of a crack having the form of a half-plane as in Section 2. It is more
convenient in this case to change to a cylindrical system of coordinates r, @,y (x = r cos ¢, z = r sin ).
Lamé’s equations in a cylindrical system of coordinates take the form

(A__'_Ju(k>___£_a“‘(vk)+ 1 9e% _
)7 rr 9 1-2v, or

Y, 2w | _1_89(")=0 31
(A )“’+r2 o¢ +1—2v,cr o¢ 3.1)

1 ae(k)
I - 2Vk ay

The components of the stress tensor occurring in the boundary conditions can be expressed in terms
of the displacements as follows:

ky k)
1 9u®  du u
o0 =uk[———’—+—‘-”—-—'°—

au(k) a (k)
(k) _ ?
Toy uk[ 3 +r aw (32)

) k (k) k) (k) (k)
ol =2p, Ve |3 +au£’+lau¢ + i +l——-—au‘P +2
1-2v, | dy or r do r r o0 r

The conditions for there to be no loads on the crack surfaces can be written in the form

O y)=0, 19(rmy) =0, o§(rmy)=0
(3.3)

(2)(,. -n,y)=0, m(r -n,y)=0, 0'(2)(r,—1t,y)=0
Finally, the conditions for strong adhesion between the half-spaces outside the crack take the form
u"(r,0,)=uP(r,0,y),  u(r0.)=u(r.0,)
WD (r,0,y) = us?(r,0, ), u)(r 0,y) = t(z)(r 0,) (3.4)
10)(r.0,y) =12 (r,0.y), 69(r.0,5)=0P(r,0,)

The solution of the plane problem is obtained if we put
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u£k> - Bik)(r’(p)’ u&k) - 3::)(,’(0), ugk) =0
The singularities of the solution of the plane problem were investigated for the first time in [6], where
the stress functions U (7, @) in the upper half-plane (0 < ¢ < n) and U,(r, ¢) in the lower half-plane (-n
< ¢ = () were considered. These were represented in the form Uy(r, @) = r“le((p) (k = 1, 2). Since
the stress function must satisfy the biharmonic equation AAU,, = 0, the functions F;(¢@) have the form
F (@) = a, sin(A + 1)p + b, cos(A + 1)@ + ¢, sin(A — 1)@ + d; cos(A — 1)p

where ay, by, ¢, d; are constants.
The components of the stress tensor can be expressed in terms of the stress function as follows:

o = A FAQ) + A+ DF(9)), oF = AR+ 1D)E(9)

(3.5)
=0 F(g)
The components of the displacement vector can be written in the form
ufp"’ = —2&— r)‘{—Fk'((p) = 4(1 = v )lc, cos(A — 1)@ ~d, sin(A ~ 1)@]}
k
ut) = 2—'— M=+ DF (@) + 4(1 = v, )¢, sin(A ~ 1)@ + dj, cos(A — 1)@} (3.6)
Ky

The conditions for there to be no loads on the crack surfaces (3.3), by virtue of expressions (3.5) for
the stresses, can be written in the form

F(m)= F(m)= /{(-m)= F{(-1)=0 (3.7
The conditions for the forces-outside the crack (3.4) to be equal, from expressions (3.5) have the form
F(0)= F,(0), F(0)=F(0) (3.8)

The conditions for the displacements outside the crack (3.8) to be equal, taking (3.6) into account,
reduce to the equations

! 1
— [ FX0) - 4(] — = [—F(0) - 4(] —
2“)[ F0)-4(1-v))q] 2112[ 5(0) - 4( v,y)e,]

(3.9)

=+ DF©) 441 = v))d, | = ——[=(h+ D (0)+4( - v,)dsy]
21, 2,

Equations (3.7)-(3.9) represent eight linear homogeneous equations in the eight unknowns
ay, by, ¢k, di(k = 1, 2), which define the functions F,(¢). In order for a non-zero solution of this
system to exist, its determinant must be equal to zero. From this condition it was found [6] that
A =n + /2 + ie (the quantity £ is defined in (1.2)). These values of A only define the singular component
of expansion (1.2).

Using the techniques of the theory of functions of a complex variable it was established in {7} that the expansion
of the solution of the plane problem has the form (1.2).

The results obtained in [6] were refined in [8] by a more accurate calculation of the determinant of system of
equations (3.7)-(3.9). In particular, it was established that the equation obtained by equating the determinant of
the system to zero, in addition to complex roots, also has roots A = n. All the values of A corresponding to expansion
(1.2), obtained in [7], were derived by the same methods as in [6]. In addition, the coefficients ay, by, ¢k, dy, defining
the eigenfunctions F (@), were calculated in [8].

We will denote the solution of the plane problem correspondingto A = n + % + ie by ?ﬁ,,@(r, 0), 3(,8 (r,
@), and the eigenfunctions corresponding to this root by F,,(¢). By the results obtained previously [8]
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0 =iM ® r(n+Yo+ie)e™ b =M e™ —(n+ Y +ig)e ™
nt = n n+%+ie T e n+%+ie
-ne i .\ TE
g e _ —xe o, e +(n+Y+ig)e 310
Cat = ’Mne ’ dnl - Mne s G2 _’Mn n+%+i€ ( . )
~TnE 1 > e
—(n+ /2 +ig)e . ne _ ne
bn2 = Mn v Cp2 = _‘Mne ’ dn2 - Mne

n+¥%+ie

The subscript n indicates to which eigenfunctions the constants correspond, and M, are arbitrary
constants.

We will now modify the solution of the plane problem by constructing the singull?r solutions of
problem (3. 1)—(3 3) in which the orders of the singularities of the displacement u(z) are equal to
PR (= 0,1, 2, ...). We will seek solutions of problem (3.1)~(3.3) in the form

W (r 0, y) = ) ul ul) = (YD (@), yuld(r.@). uB(r.0)
WP (r, 9, = @22 u) = (D (re), YD (re) u2(re)
It can be shown that for the chosen form of the displacements u,, )(r, @, y) the equality 6% = ye(")

holds, where 6(") is the value of the first invariant of the strain tensor for the corresponding plane
problem. The following equalities also hold

1Y o _ 1 You) 1Y o _ 1 Yow
(A—F)“"’ =Y A_r—z uy's A—’__z ump =Y A—r_z un(p

dul) _ AER  Juyy =ya°;f;
o9 99 = 9¢ ¢

Hence it follows that the first and second of Eqgs (3.1) will be satisﬁed

It follows from the first and third expressions of (3.2) that t(/‘) = y1: ) and cr(k)— yo(") where 10‘2 and
8 (") are the stresses in the corresponding plane problem. Hence it follows that the first, third, fourth
and sixth equations of (3.3) are satisfied, and also the fourth and sixth equations of (3.4). In addition
it is obvious that the first and second equalities of (3.4) are satisfied.

Consequently, to solve problem (3.1)-(3.3) we need to chose the functions u (r @) so as to satisfy
the third of equations (3.1) and also the boundary conditions

T (R =T (r-1y) =0, u(r0)=uZ(r,0)

(3.11)
Toy (1Y) =Tg)(r,0,y)
0
Since 8% = y8%), the third of equations (3.1) takes the form
1 0
Btpy(r,9) = =————8})" (3.12)
x

From expressions (3.5) for 8(:() and 8((’;) and since 2, 8(,',‘)/(1 =2v) = 8(5) + 8((’;), we have

1=-2v,

2
™ A ;;<<p)+(n+§+ie) Fu(9)]

0
k

6, =

Now taking into account the form of the functions F,;(¢) we obtain

0 I— n— I . . .
8k = —2,’127\14('1 + % + ie)r 2+ E[cnk sm(n —% + ts)(p+ d,, cos(n - -;— + ISJ(pJ (3.13)

The values of the constants c,; and d,,;, are given in (3.10).
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Substituting (3.13) into (3.12) and seeking a particular solution of (3.12) in the form (" = r'd,(9),
it can be shown that the following functions are particular solutions

] Y 4i 1 1
ul® = - — e S'"("——H’E) +d COS(”——-:-'S)
4 2p~k r (nk ! 2 \4 nk 2 ! (P)

If we add an arbitrary harmonic function to this particular solution, the new function will also satisfy
Eq. (3.12).
Consider solutions of Eq. (3.12) having the form

1 Yoree| . 3. 3 .
ulk) = T A ‘[zA,,k sm(n +oH ze)(p +B, cos(n S+ :s)(p -

—Coi sin(n-—-;—+i€)(p 5 4w cos(n—-%ﬂe)(p] (3.14)

where A, B,y (k = 1, 2) are constants.
Conditions (3.11) represent four equations from which we can determine the four unknown constants

A, B (k = 1, 2). Using (3.14) the condition u,,z (r 0) = u' w (r 0) leads to the equation

Bnl —dnl - Bn2 _dn2 (315)
My M,

Taking expression (3.2) for ‘L'(k) into account, we have
(ky _ O(k) | au
to TH ( "t o0 j
Hence also from (3.6) and (3.14) we obtain

n+Yh+ie

T:oky)=r > {- Jk(w)+(n+%+ie)(mnk cos(n+§+i£)(p—

-B, sin(n + % + ie)(p) - [4(1 -V, )+n —%+ is] X

x(cnk cos(n —%+i£)q)-— dy, sin(n - %+i£)(p]} (3.16)
From the condition T4 (r, 0,y) = 72(r, 0, ), (3.16) and (3.8) we obtain
3. .0 | 3 .. |-
n+5+t£ A, —| % +n+5+1£ Col = n+5+18 iA,; —| %, +n+5+18 C (3.17)

The quantities %4, x, in (3.17) were defined in Section 1.
Substituting the value ¢ = n when k = 1 and ¢ = —n when k = 2 into Eq. (3.16) and taking the

equalities ‘r“)(r n,y) =0, t(z)(r -n,y) = 0and F',,)(1) = 0, F',(-n) = 0 into account and also expressions
(3.10) we obtain

(n+§+ie)(i—;—£-'- -€n :(n+/)n’ +£-L—2—B'ieme—’(n+%)n)+

+M,,(x, +n+ % + ie)e"""'y”“ =0

(n+%+i€)( Anz ;an e—exel(n+%)1t + Anz '2"B n2 ene-'(n+/)ﬂ)

+M,,(xz +n +—;—+ie)e'("_y2)" =0
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These equations can be rewritten in the simpler form

3. Ay +By _ex Ay~ B, en) M( + 1 ~)_

2 Zal T Pnl O " nl - n+—+ie|=0 3.18
(n+2+1£)( > e 5 e al %1 5 (3.18)
(n+—3—+i£)(A”2—-2—B"—3-e_m—éﬂ%B"z—em)+Mn(x2+n+%+ie]=0 (3.19)

Solving system of equations (3.15) and (3.17)-(3.19) we find
Ay =0 +B, e, B, =-0a,e" +pB, e
A = 0e " +B,e™, By =0,pe7 =B e
where

(%5 — D e = () = D™
"+ B+iE)e™ e T +i,)
ny+n+ Y +ie o = 0n — w +n+Y+ie

n+¥%B+ie " T n+¥+ie

(1"2 =M Bnl = anZ

Bn2 =0y — Mn

Hence, we have obtained a sequence of singular solutions of problem (3.1)-(3.3) in which the
displacements uf,kz) (r,o)= u‘{;L have singularities of order prtYaee (n=0,1,2,...). Here, for convenience,
we have considered complex-valued solutions, but clearly if we take their real or imaginary parts we
can obtain real solutions with the orders of the singularities indicated.

It follows from the results obtained that the expansions of the displacements in the vicinity of the
smooth crack contour have the form .

Uy (@ T) =3 P AEN (@, D+ Re(r™ 2 gl (0, )+ T rh(9,7)

Uy (r 9T + ity (9. TV =Y r A (0, 1) +iT r g (0. 1)+ T rhy(9.7)

Here 1 is a parameter which defines the position of a point on the crack contour and (r, ¢) are the
polar coordinates in the plane passing through a given point on the contour, taken as the origin of
coordinates, and orthogonal to dG. The functions f, (9. 1), 4,(®, 1), g,(9, T) are real-valued, while the
functions g,(9, 1), ,(0, 1) and h,(¢, T) are complex-valued.
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